In this paper, we determine the stability of a generalized Hyers-Ulam-Rassias-type theorem concerning the additive functional equation 2f (
Introduction
The study of the stability problem of functional equations originated from a question of S.M. Ulam [] concerning the stability of group homomorphisms.
Let (G, * ) be a group and (G , gave an affirmative solution of this problem for p >  and also proved that it is possible to solve the Rassias-type theorem for p = . A further generalization was obtained by Gǎvruta [] , who replaced ( x p + y p ) by a general control function ϕ(x, y). The aim of this paper is to present a relationship between three various disciplines: the theory of fuzzy spaces, the theory of functional equations, and fixed-point theory. We determine the stability of the additive functional equation
in the setting of intuitionistic fuzzy normed spaces by using the fixed-point alternative theorem. Also, we investigate the stability of this functional equation through the direct method.
Definitions, notations and preliminary results
In this section, we recall some notations, basic definitions, and preliminary results used in this paper. 
Using the notions of continuous t-norm and t-conorm, Saadati and Park [] have recently introduced the concepts of intuitionistic fuzzy normed space and defined convergence and Cauchy sequences in this setting as follows.
Definition . The five-tuple (X, μ, ν, * , ♦) is said to be an intuitionistic fuzzy normed spaces (for short, IFN-Spaces) if X is a vector space, * is a continuous t-norm, ♦ is a continuous t-conorm, and μ, ν are fuzzy sets on X ×(, ∞) satisfying the following conditions. For every x, y ∈ X and s, t > 
In this case, (μ, ν) is called an intuitionistic fuzzy norm. For simplicity in notation, we denote the intuitionistic fuzzy normed spaces by (X, μ, ν) instead of (X, μ, ν, * , ♦). For example, let (X, · ) be a normed space, and let a * b = ab and a
For all x ∈ X and every t > , consider
Then (X, μ, ν) is an intuitionistic fuzzy normed space.
Definition . Let (X, μ, ν) be an intuitionistic fuzzy normed space. Then a sequence x = (x k ) is said to be (i) convergent to L ∈ X with respect to the intuitionistic fuzzy norm (μ, ν) if, for every >  and t > , there exists
(ii) Cauchy sequence with respect to the intuitionistic fuzzy norm (μ, ν) if, for every >  and t > , there exists
Remark . Let (X, · ) be a real normed linear space,
Recall the following results related to the concept of fixed point. (ii) The fixed-point x * is globally attractive, that is,
for any starting point x ∈ X; (iii) One has the following estimation inequalities for all x ∈ X and n ≥ : 
for some natural number n • . Moreover, if the second alternative holds then (i) The sequence (J n x) is convergent to a fixed point y * of J;
Stability of the additive functional equation through the fixed-point alternative
Using the fixed point alternative, here we can prove the stability of the Hyers-UlamRassias-type theorem in IFN-spaces. First, we prove the following lemma which will be used in our main result.
Lemma . Let X be a linear space, (Y , μ, ν) be an IFN-space and ϕ
and
for all g, h ∈ G, x ∈ X and t > . Then d s is a complete generalized metric on G.
Then, for all x ∈ X and t > , we have
; http://www.advancesindifferenceequations.com/content/2012/1/141
Therefore,
for each x ∈ X and t > . Thus, d s (g, k) ≤ γ  + γ  , which is a triangle inequality for d s . The rest of the conditions follow directly from the definition.
Theorem . Let X be a linear space and f be a mapping from X to an intuitionistic fuzzy
,
for all x, y, z ∈ X and t > . If ϕ(x, y, z) ≤ α  ϕ(x, y, z) holds for some real number α with α <  then there exists a unique additive mapping T :
for all x ∈ X and t > .
Proof Putting y = x and z = x in (.). Then for x ∈ X and t > 
.
Replacing x by x/, we get
(.) http://www.advancesindifferenceequations.com/content/2012/1/141
Consider the set G = {g : X → Y } and the mapping d defined on G × G by
for all x ∈ X and t > . It is known that d s (g, h) is a complete generalized metric on G by Lemma .. Now we consider the linear mapping J :
Using the hypothesis of the function ϕ and a mapping J, we obtain
and similarly
for all x ∈ X and t > . From above, we conclude that
for all g, h ∈ G. Using the hypothesis of the function ϕ and from (.), we have
for all x ∈ X, t >  and α < . Replacing t by αt  in (.), we get
, http://www.advancesindifferenceequations.com/content/2012/1/141
for all x ∈ X, t >  and α < . It follows that
Using the fixed-point alternative we deduce the existence of a fixed point of J, that is, the existence of a mapping T : X → Y such that
for all x ∈ X. The mapping T is a unique fixed point of J in the set E = {h ∈ G : d s (g, h) < ∞}. It follows that T is the unique fixed point of J with the property that there exists c ∈ (, ∞) such that
for all x ∈ X and t > . Moreover, we have
. This means that (.) holds. For all x, y, z ∈ X and t > , write
Letting n → ∞ in (.) and using (.), we get
Similarly, we obtain
for all x, y, z ∈ X and t > . Thus, the mapping T satisfies (.) and so it is additive. 
for all x, y, z ∈ X and t > , then there exists a unique additive mapping T :
Proof Taking ϕ(x, y, z) = θ ( x r + y r + z r ) in Theorem ., for all x, y, z ∈ X, and choosing α =  -r , we get the desired result.
Theorem . Let X be a linear space and ϕ : X × X × X → [, ∞) be a function such that there exists α <  with ϕ(x, y, z) ≤ αϕ(x, y, z) for all x, y, z ∈ X and t > . Suppose f is a mapping from X to an intuitionistic fuzzy Banach space (Y , μ, ν) satisfying (.). Then there exists a unique additive mapping T
Proof Consider a complete generalized metric space (G, d s ) same as in the proof of Theorem .. We define a linear mapping J : G → G such that
for all x ∈ X. Indeed, for given g and
for all x ∈ X and t > . By the given hypothesis and using (.), we have
for all x ∈ X and t > . This means that
for all x ∈ X and t > . From the definition of complete generalized metric space, we have
. Using the fixed-point alternative, we deduce the existence of a fixed point of J, that is, the existence of a mapping T : 
Proof Taking ϕ(x, y, z) = θ ( x r + y r + z r ) in Theorem ., for all x, y, z ∈ X, and choosing α =  -r , we get the desired result.
Stability of the additive functional equation through the direct method
In this section, we deal with the stability results concerning the additive functional equation via direct method in intuitionistic fuzzy normed spaces. 
